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Sobolev Freud polynomials 


Mohamed BOUALI 


Abstract 


We investigate the uniform asymptotic of some Sobolev orthogo¬ 
nal polynomials. Three term recurrence relation is given, moreover 
we give a recurrence relation between the so-called Sobolev orthogo¬ 
nal polynomials and Freud orthogonal polynomials. 

1 Introduction 

During the past few years, orthogonal polynomials with respect to an in¬ 
ner product involving derivatives (so-called Sobolev orthogonal polyno¬ 
mials) have been the object of increasing number of works (see, for in¬ 
stance [1], [5], [6], [4], [7], [8]). Recurrence relations, asymptotics, alge¬ 
braic, differentiation properties and zeros for various families of polyno¬ 
mials have been studied. In this paper we study a connection between a 
particular case of non-standard orthogonal polynomials. 

For Ai, A 2 > 0, we defined the inner product 


{f’g)s = r f{x)g{x)e Xif{0)(x)g{0) + X2f'{0){x)g'(0), 

JR 


We denote also by || • ||s the norm associate to the inner product Let 
Q„ be the sequence of orthogonal polynomial with respect to {.,.)s- We 
denoted k^i — ||Qfj||^ — {Qw Qn)s ■ 

Let P„ be the sequence of monic polynomials orthogonal with respect to 



_ 4 

f{x)g{x)e~^ dx : They have been consid 


ered by Nevai [14,15]. These polynomials satisfy a three-term recurrence 


1 


relation 


xPn{x) Pfj_f.i(x) + CfjPfi_i{x), 

with initial conditions Po(x) = 1 and Pi(x) = x; where the parameters c„ 
satisfy a non-linear recurrence relation (see [4]) 

n = 4:C„(c„+i+c„ + Cn-i), n>l, 

with Co = 0 and Ci = r(3/4)/r(l/4). Moreover the polynomial P„ satisfies 
the recurrence relation 

P^(x) = nP„_i{x) + d„P„_^{x), n>3 

2 4 

dx. One can see 

-CO 

from the three-term recurrence relation that 


and 


— r Ic 

r^n ^n^n-1^ 


( 1 . 1 ) 


— 4c„C^_]_Cjj_2. 


Lemma 1.1 

1. For all polynomials P,Q, {x^’P,Q)s = {P,x^^Q)s = Q)f = (P,x’^”Q)f, 
where m> I if X 2 = 0, and m> 2 if X 2 > 0. 

2. For a polynomial Q, we denote Q(x) = Q(-x). For all polynomials P,Q, 
we have {Q,P)s = {Q>P)s- 

3. Q„(-x) = (-l)”Q„(x). 

Proof. 

The proof of the first item is easy 

2) Using the symmetry of the Freud inner product {Q,P)p = {Q,P)p and 
the fact that P'(0) = -P'(0) 

{Q,P)s = {Q,P)p + AiQ(0)P(0) - A2Q'(0)P'(0) 

= {Qj)p + AiQ(0)P(0) - A2Q'(0)P'(0) 

= {Q,P)p + AiQ(0)P(0) + A2Q'(0)P'(0)' 

= {Q,P)s 
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3) From the first step we have by orthogonality (Q„,-P)s = 0, for all poly¬ 
nomials P with deg(P) < n - 1. 

Hence Q„(x) = a„Q„(x), equaling the leading coefficient we obtain = 
(-!)«. 


2 Case A 2 = 0 

Proposition 2.1 The polynomials P„ and Q„ are related by 
xPn(x) = Qn+i(x) + a„Qn-i(x), n>\ 
xQn(x) = Pn+i(x) + b„P„_i(x), n>\ 

k X 

Qo{x) = 1, Qi (x) = X, where a„ = b„ = 

kn-l 

Proof. Since, let write 

n 

xP„{x) = Qn+lix) + 

By orthogonality one gets 


( 2 . 2 ) 


k=o 


WQkWs^k = 

'J —( 


Pn{x)Qk{x)xe ^ dx, 


Since for k < n - 2,hy orthogonality the integral vanishes, moreover using 
the symmetry of the inner product, one as 

PA-x) = {-IfPnix), Qki-x) = i-lfQkix), 
hence a„ = 0, and a„ = a„_i. 

- - 4 

k„_ia„_i = P„(x)xQn-i(x)e * dx = kn, 

J —oo 

where we used xQ„_i(x) = P„(x) +... The second statement can be proved 
by a same argument. 

Proposition 2.2 
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•, ^n+2^n+l , 

1. h flj, — Cfi^i + Cfj. 

Cln+2 

2. — Cyi+l^n 

2 1- 1- 1 

3. lim —= = lim —= = ——. 

n^oo n^oo ^ 2y3 

Proof. 

1) Since xP„{x) = Q„+i + a„Q„_i{x), hence 


WxPnWi = WQn+lWl + al\\Qn-l\\i, 


moreover 

iiQ„-iii=^. 

Un 

and llxP^llg = ||xP„|||, from the tree-term recurrence relation one gets 

ll^-fnllp ~ ll-Pn+1 lip ^nll-^n-l lip “ i^n+1 ^n)^n’ 

thus 


‘■n+2 


hence 


Cln+2 
^n+2^n+l 


+ (^n+1 "t ^n)^h 


+ Ufi — Cyi^l + Cjj 


^n+2 

2) We saw that fl„+i = and A:„ = c„A:„_i,hence 

A:„ ^n-l 

u — ^w+i _ „ 

^n+l^n ~ 1 “ ^n+l^n- 

l^n-l 

3) Let A„ = a„yfn, a„ = (5„ = Then we obtain, 


(Tm 


Vm+1 


^jn-l 

^n+i ^/n + l 


-h 




Using the fact that lim 


1 


^^n 2 V 3 

1 


, (see for instance [7|, [IIOIJ I one get 
1 


lim On = —, lim (5„ = —. 

n^+oo 12 n—>+co 


(2.3) 
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Moreover since A„ > 0, and 


A„< 


ln + 2 


'n+l’ 


thus the sequence A„ is bounded. Let £ be the limit of a subsequence. It 
follows from equation ()2.3I) . 

-^+£=^, 

\ 2 £ V3 

and the unique solution is ^ Hence the unique limit of a sub¬ 
sequence of A„ is ^ then the bounded sequence A„ converges to 

£ - 

^ “ 2V3- 

The same hold for ^ from the relation = c„+ic„. 

Theorem 2.3 The asymptotic behavior 


lim 

n^oo 


') 


l + (p2(^x) 

hold uniformly on compact subset of C\ "^4/3], where 

(p{x) = x + Vx2 - 1, with Vx2 - 1 > 0 for x > 1, i.e., the conformal mapping of 

C \ [-1,1] onto the exterior of the closed unit disk. 


Proof. We saw that 


xQ„(x) = Pn+i (x) + b„P„_i (x). 

It is well-known (see [16]) that from the three-term recurrence relation of 
non normalizing Freud polynomials 

xSfj (x) — (x) + (x). 


we can obtain asymptotic properties of the orthonormal polynomials S„: 
Indeed, as lim 


a. 


1 


n 




. We deduce (see [lll| l 


lim 
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uniformly on compact subsets of C \ [-'^4/3, '^4/3]. Then, for the monic 
Freud polynomial P„ one gets 


lim 


Pn-l(i/^x) f[2 


Pn(f^x) 


)■ 


uniformly on compact subsets of C \ [-W3, W3]. 

Since 

Qnifnx) ^ ll Pn+iiifnx) ^ bn ifnPn_i(x) 

Pyi{ifnx) x\^p^[^x) ^Jn Pni^) 

As n goes to infinity, one gets on every compact subsets of C\[-'^4/3, "^4/3], 

Qyi{ifnx) I 1 


lim 

n^oo 


Pn(f^x) m 
A simple computation gives 

1 '"(' 


)■ 


lim 

n^oo 


Qnifnx) 





Pn{^^) 3/12 x(p(-^x) 


Theorem 2.4 The polynomials Q„ have all their zeros real and simple. For 
n>3 the positive zeros of interlace with those of P„. 


Proof. We distinguish two cases: the even and the odd one, respectively 
The proofs are similar with slight differences. 

Even case: Let X 2 m,k>^ = 1.,—,'fn, be the positive zeros of Pim in increas¬ 
ing order, that is, X 2 m,i < First, we need to study the sign of the 

integrals 


I 


2m,k ~ 


J +00 




Plm{^) -x^ 


2_.2 


e ^ dx, m>2,k- \,...,m, 


x^ -X 


We have 


J +00 

Qlmi^) I I ( 

-00 ■ 1 ■ , r. 


2m,k 


m-l m-1 p +00 

x^-xl,„^j)e~''^dx= 

j = l,j^k r=Q 


Q 2 m{x)x^’'e ^ dx = boik)XiQ2r. 


( 0 ), 
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m-1 

where bo(^) = (- 1 )'”“^ ]~[ ^nd Q2m(0) 

j=i,j*k 

(fl2fc > 0 )^ moreover sign(bo) = (- 1 )”’”^ hence 


k=2 


sign(/2m,fc) = -l- 


( 2 . 4 ) 


On the other hand, using Gaussian quadrature in all the zeros of P2m arid 
taking into account the symmetry of the polynomials Q2m> the Christoffel 
numbers (see, for example, [ 7 , pl 40 ]) 




L2n 

i— 


j=0 


Pj 


{^2m,i) 


i = 1 ,.., m, 


together with the fact 


^2mi^2m,k) 


2 x 


2m,k 


m 



j=i,jitk 


we get 

^lm,k ~ }^2m,kQ.2m{^2m,k) 

and from () 2 . 4 I) we deduce 


^2m,k^^2m,k) 


2 x 


2m,k 


sign(Q2m) = -sign(P2^a)- 


Since P^m^x) has opposite sign in two consecutive zeros of P2m(x), we de¬ 
duce that it also occurs for Q2m{^)> and therefore Q2nM has one zero in 
each interval {x2m,k’X2m+i,k)’ ^ 1 (and from the symmetry it has 

one zero in each interval (-X2m+i,h~X2m,k)’ ^ 1 . Thus Q2m(x) 

has at least 2 m- 2 real and simple zeros interlacing with those of P2m(x). 
Finally, as P2fn{x2m,2m) > 0 then Q2mi^2m,2m) < 0 and since Q2m(^) is monic 
we deduce the existence of one zero of Q2m{x) in (x2m,m’+'^) and another 
zero in {-oo,-X2m,m)> which complete the result for the even case. 

Odd case: Let m > 2 , 0 < X2,„+i,i < ... < X2m+i,2m be the positive simple 
zeros of P2m+i> since T2m+i(0) = Q2m+i(0) = 0 ^ iet define the integral 


I 


2m+l,k 


J +oo 

' 

-CO 


Q2m+1 (^) 


2m+l 


,k(x) 
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hence 


Qlm+l (^) 


J+oo 

-oo 

^+co 

^2m+l,k ~ ^ ^r(^) I 

r=0 




j=l,i*k 


Q2m+l(x) ^2r^-x^^^^ 


Since for 1 < r < m - 1, 


J + CX) 
-CXD 




hence by orthogonality one gets for 1 < r < m - 1 


Thus 

since 

hence 

■'+CX) 


I 

^2m+l,k ~ ^o(^) ^ 




(2.5) 


2^^2m{2^) Q2m+1 (^) "^ ^2mQ2m-l (^)' 


J 


P 2 m{ 2 c)e ^ dx = 


J + CO 

-CXD 
+ CXD 


92in±l!^e-^"dx + a2, 


J+oo 

-CXD 


Qlm^lj^^-x^dx 


thus by orthogonality J_^T 2 ot(x)c ^ dx = 0, and 


J +OO 

-CXD 


Q2m+1 (^) _ 

-C ttX — ~Cl2r, 


J+oo 

-CO 


Q2m-l(x) ^_x4^^ 


and 


J + CX) 
-CXD 


Q2m-t-l (^) 


IT 

iix = 2r(-)(-irp[ 


^2fc- 


ic=l 


Moreover 

m 

f2„(t) = (-l)’"-‘ PI XL,1,, 

i = l,j^k 

from equations ()2.5P ()2.6I) and ()2.7I) one gets 

sign(/2m+i,fc) = -1- 

The rest of the proof is as in the even case. 


( 2 . 6 ) 


(2.7) 
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3 Case A 2 ^ 0 

Proposition 3.1 For all n>l, 


xP2n-l(x) = Qlnix) + anQjn-lix), 

x^Pn(x) = Q„+2 (x) + b„Q„(x) + a„Q„_2(x), 
x^Qnix) = P„+2{x) + (r„p„{x) + 6„P„_2(x). 


with Qo(x) = 1, Qi(x) = X, where, a„ = b„ = 


(Qn’Qn)s 




k:„_2 


’ bfi — 


h h 

—^ a =b — 

^n-2 

Proof. The proof is as in proposition 1.1. 
Proposition 3.2 For all n> 1, 

1 ^2n+1^2n , „ _ ^ ^ 

1. - 1 a„ - C2n +C2n-1- 


^n+1 


■2- ^n+2^n+l ^n^n-1 i^n+1 ^n) “ 


2 ^77+4^n+3^n+2^n+l , i2^n+2^n+l 


^77+4 


+ bt 


^77+2 


+ OCfi- 


~ A "I" ^n-2 ^n-2' 

4c„ 

, ^n+2 7 n 1 

^77 + 2^77 + 1 T ^ byiOyi + rtjj ~ X T- 

bn+2 2 4 


5. CTj; 


Syibn 

^n^n-1 


6. lim 

77—700 


1 


1 


a. 


1 


■, lim —^ = —=, lim — = —. 

2 V 3 V3 ^ 12 


7 1 • 1 1 • byi 1 . . hfi 

7. lim —— = ——, lim — = —, lim — = 1. 

yn -yS m^oo n 12 n^ook„ 

Proof. 

1) The first relation can be proved as the case A 2 = 0. 

2) From the second relation in the previous proposition and orthogonality 
one gets 

11^ -Inlls “ ^77 + 2 bflkyi + Ct^ikyi_2- 
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Using the fact that A:„ = and A:„ = One gets 

^11+2 

||^ 2 pj |2 ^ / Cn+ACn+3Cn+2Cn+l ^ ^2^+2^ ^ ^3 ^^ 

' «n+4 ««+2 ' 

Since from the three term recurrence relation xP„{x) = P„+i(x) + c„P„_i{x), 
and orthogonality we have 


and 

ll^^^’nlls = = \\xPn+l + XC„P„_i\\l 

— ||xP^_|_2lip + ^^nll^'^n-1 lip 2 Cfi(^xPyi_^_i, xPfi_i')p 
~ ^n+2 ^n+l^n ^n^n—l^n-2 ^^n^n+l (3-^) 

“ {^n+2^n+l ^n+1 ^n^n-1 2CfjCfj^i)kfi 

~ (^n+2^n+l (^n+1 ^n) ^n^n-l )^n- 

From equation ()3.8D . ()3.9ll one gets the desired result. 

3) By orthogonality one gets 

~ Qh' Pri)F’ 


since by definition of the Sobolev inner product we have 

{x^Qn, Pn)F = {x^Qn, Pn)s = {Qn, X^Pn)s 

— {x Pfi-2 ~ ^n-2Qn-2 ~ ^n-2Qn-4' X Pfi}s 

— (x Pfi-27 X Pn}s ~ ^n-2{Qn-2’ X Pn}s ~ ^«-2{Qn-4' X Pn}s 


Since 

,2] 


<X Pn- 2 ,X P„)s = X Pn- 2 {x)Pn(x)e "" dx 


I 


1 r+“ 4 

4 xP^_2(x)Pn(x)e ^ dx 

^ sj—oo 


Pn- 2 (x)Pn(x)e ^ dx + 

1 - 4 

+ - xP„_2(x)P„'(x)e * dx, 

^ J —00 

by orthogonality the first and the second integral vanished. Moreover 

J +00 ^ n +00 ^ 

xPn-2{x)Pn{x)e~’' dx= xP„_2(x)(nP„_i(x) + d„P„_3(x))e“^ dx 

-CXD ^—00 


— nkfi_i + dfikfi_2- 
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Hence 


{Q„_2, X^P„)s = {x^Qn-2, Pn)F = K- 

(Q„_4, X^Pn)s = {x^Qn-^, Pn)F = 0- 


n 1 

CFnkn — + ■^^n^n -2 ~ ^n- 2 ^n' 

using the fact that A:„ = c„k„_i, and d„ = 4 c„c„_ic„_ 2 . Thus 

~ A ^n-2 ^f!- 2 ' 

^Cyi 

which complete the proof of the assertion. 

4) From the second recurrence relation of the proposition we have 

(x Pfi, X Pyi^s ~ kn+2 kfikfi + (Xfjkfi_2- 

Moreover {x^Pn, x^P„)s = {x^Pn> x^Pn)F> 


I 


x"'P„)p = I x^P^{x)e ^"dx 


Pn(x)e ^ dx + 


1 _ 4 

- xP^{x)P„{x)e ^ dx 
^ 3—00 


~ ^kfi+ 2 ^kf^, 


thus, 


kn+2 , 1,2 „ 2^71-2 f f 


k A 

IXy, IXyj IXf 


4+ 2^’ 


]c O' 

since 7 ^ = 7 ^, A:„ = a„k„_ 2 , and A:„ = c„kn-i, it follows that 

kn bn 


^”+2 , u , _ ” ,1 

^n+2^n+l bfiiFfi ~ o /i ' 

«n+2 2 4 

Which give the desired result. 

T T 

5) It is easy deduced from the three relations d„ = -r-k—, a„ = b„-dk, and 

kn-2 K 

Ic — r Ic 

6 ) The first limit can be proven in the same way of the case A 2 = 0, in 
fact we saw 

^ 2 f!+ 1 ^ 2 f! 


^n+1 


+ Uyi — C2n + ^2n-l’ 
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using the same argument as in the case A 2 = 0 , one gets lim 

n ^+00 

1 


= ^ = 


2 V 3 

To obtain the second limit, one can see from the first equation that 

, , 2 \ 

0 < < \^n+2^n+l ^n^n-l i^n+l ^n) )' 

n n 

since the right hand side converge, hence ^ is bounded. And 

^n+2^n+l ^n^n-1 (^«+l ^n) ^n+2 


(^Y< 


^n+2^n+l 


n 


moreover the sequence —p converge and — is bounded hence the se- 

yfn n 

b b 

quence —^ is bounded. Let x be a limit of any subsequence of —^ and 

yn ynk 

€ = ^ 7 = the limit of the sequence —Since from the third and fourth 
2 V 3 ^ 

items we have 


4c, 


+ ^n -2 “ bn-2, 


and 


Thus 


_ 77 ^ 1 ^ ^ ^n+2 

T “i ^n+2^n+l 1 

2 4 b„+2 


bn^n- 


n 1 


“ 2 ’’’ 4 ^n+2Cn+l, V, 

^ ^n+2 ^^n+2 


1 77 + 2 77 

(■jy ^ ~ bfi) — bn{~^ ^ ^n-2 ~ ^n-2)- 


Substitute the expression of a„ in the first item of the proposition and let- 

byih 

ting k to infinity and use the fact that —= converge to x and —= converge 
to £, one gets 


^4 


+ 


X 2^2 




'4C 

2 4^ ^~ x^ 4 ~ 


4C 


substitute the value of ^ we obtain the following equation 

(1 + 12x2)(1-4V3x+ 18x2-12V3 x 3 +9x4) (l + 12x2) 


3x(2V3 - 21x + 24V3 x 2 - 36x3) 


3x(2V3 - 21x + 24V3x2 - 36x3) 

(3.10) 


= 0 , 
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Now we prove that such equation is correctly defined. Since the roots 
of the polynomial x{2^/3 - 21x + 2A^/3x^ - 36x^) are 0, £ = and two 

bn 

complex roots, moreover is a real sequence. 

First case x = £ = Since, 

2^^3 

I ^ni. 1 Vs , , , , 

hence — converge to — = —. Moreover —= is bounded, then we can 
Ufc 4^ 2 V« 

subtracted from —p a sequences which converges to some y, using the 
yn 


convergence of the sequence 




to X, and equations 2) and 4) of the 


proposition, one gets from equation 2) 

?2 


/4 /4 

6£^ = — + — + y, 

y y 


and from 4) 


y = 0, 


which give a contradiction. 

Second case, x = 0. In such a case, we obtain from statements 3) and 
4) and boundedness of one gets 


hm — = — + 

k ,—>co 77^ 4v 


and 

lim ^ = 0, 

k—>oo fl]^ 

This give a contradiction. 

The only real solution of equation B.IOH is x = —=. Hence the unique 

Vs 

bn 1 

accumulation point of the bounded sequence —^ is —=. 

^Jn 

The sequence a„. Since = -— + c „_2 - bn- 2 , hence 

4c„ 


lim ^ = ^+e-2£ = 
yn ^£ V3 
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The sequence a„. Letting n to infinity in the following equation 


one gets 


^n+2 1 tl \ 

^n+2^n+l T t “t T’ 

bn+2 2 4 


n^oo n 2 12 


7) The sequence (5„. From the relation 

^n^n-l^n 


1 

br 


as n goes to infinity one gets 


The sequence Since 


lim ^=e^ = —. 

n->oo n 12 


1 • byi - . Oyi 

lim — = lim — = 1. 

n->oo kyi n-^oo h„ 


Which complete the proof. 

Theorem 3.3 The asymptotic behavior 


lim 

Qniy^x) 


= 2V3( 


xcp 


0 


1 + 


f. 


hold uniformly on compact subset ofC\ [-"^4/3, "^4/3], where 

<p(x) = X + Vx^ - 1, Vx^ - 1 > 0 /or X > 1, z.c., t/zo conformal mapping of 

C \ [-1,1] onto the exterior of the closed unit disk. 

Proof. Sine from the third relation in proposition 2.2, we have 
X^Qnix) = Pn+2{x) + (TnPnix) + b„P„_ 2 {x), 

thus 

^2 Qn{fnx) ^ Pn+2(fnx) P„+i(^x) ^ ^ fnPn_2(fnx) fnP„_i(fnx) 

P„{ffnx) ffnP„+i{ffnx) ffnP„{^x) ^ ri P^_i{i[nx) Pn{ifnx) 
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using the fact that 


(Jn 


yfn ^/n 12 


and 


lim 


fnPn-i{fnx) fil 


P„{AFlX) ,p(^x)’ 
uniformly on compact subset of c\[-Wi,Wi], one gets 

(< 


i- iQAfnx) 
lim X -—— 




+ —^ + 


VT2 a /3 



which complete the proof. 

Remark 3.4 

1. For all n the zeros of Q 2 n interlaces with the zeros ofP 2 „- 

2. What can say about the zeros of the polynomial Qan+i compared with 
those ofP 2 n+i?- 


The proof of the first item is like the proof of the case X 2 = 0. 

Consider the non monic Sobolev orthogonal polynomials Q„, with norm 
equal one. Q„(x) = c„x” + +. 

Proposition 3.5 

1. For all n>0, the polynomial Q„, satisfies the three term recurrence rela¬ 
tion 

^ Qn(^) “ ^tiQn+2 ^nQni^) 
with Q- 2 (x) = 0, Q_i(x) = 0. 

2. The zeros of interlaces with the zeros o/Q„_2- 

The proof of the proposition is like the proof for the classical orthogonal 
polynomial case. 
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4 General case 


Let r e N, Ajt > 0 for A: G r}, and defined the Sobolev inner product by 



Let Qnj be the monic Sobolev orthogonal polynomials with respect to the 
inner product defined above. 

Prediction 4.1 On every compact subset ofC \ [-ilT/3, “^4/3], we have 



the convergence hold uniformly. 
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